Motivated by recent interest in the role of the hyperfine interaction in quantum dots, we study the dynamics of a localized electron spin coupled to many nuclei. An important feature of the model is that the coupling to an individual nuclear spin depends on its position in the quantum dot. We introduce a semiclassical description of the system valid in the limit of a large number of nuclei and analyze the resulting classical dynamics. Contrary to a natural assumption of chaoticity of such dynamics, the correlation functions of the electron spin with an arbitrary initial condition show no decay in time. Rather, they exhibit complicated undamped oscillations. This may be attributed to the fact that the system has many integrals of motion and is close to an integrable one. The correlation functions averaged over initial conditions do exhibit a slow decay (ϳ1/ln͑t͒ at t → ϱ).
I. INTRODUCTION
The coherent manipulation of localized spins in solid state systems is currently a very active research field. 1 The ambitious goal in this field is to develop a quantum bit, or qubit. Such qubits would form the basic building blocks of quantum computers. [2] [3] [4] [5] The strength of the qubit coupling to the environment should be sufficiently well controlled so that the residual environmental interactions are sufficiently small not to disturb the qubit dynamics during the manipulation time. [6] [7] [8] The proposal of Ref. 4 to make the qubits from spins of the electrons localized in quantum dots has stimulated many theoretical and experimental studies. In a number of papers, the relaxation time of electron spins in GaAs quantum dots has been investigated. The role of various spin-orbit related mechanisms has been considered for spin-flip transitions between singlet and triplets 9 and Zeeman split doublets. 10 . The hyperfine mediated spin-flip rates were investigated for singlet-triplet 11 and doublet 12 transitions. A spin-flip mechanism due to interface motion has been suggested. 13 In Ref. 14 the role of Coulomb blockade effects was addressed. For GaAs quantum dots measurements of spin relaxation times, or T 1 , have been performed for singlet-triplet states 15, 16 as well for doublet 17 states. The measurements give T 1 Ϸ 200 s (singlet-triplet) and T 1 Ͼ 50 s (doublet). For doublet states, only a lower bound for the relaxation time has been obtained, 17 this makes it difficult to decide which of the mechanisms proposed is a leading one.
The operation of a qubit requires that a coherent superposition of states persists during the manipulation time. Several papers have addressed the possible decoherence mechanisms of electron spin in GaAs quantum dots. The decoherence may be caused by inhomogeneous hyperfine interaction. 18, 19, 25 If an ensemble of electron spins is considered, the "decoherence" time is determined by the frozen fluctuations of the effective nuclear field. 20, 21 The fluctuations of the nuclear spin system were also shown to result in spectral diffusion and decoherence of electron spin. 22, 23 Reference 18 associates the decoherence time of the electron spin with the characteristic time scale of the decay of a specific spin correlation function. The decay arises from the spatially dependent hyperfine coupling constants through flip-flop processes of spatially separated nuclei. An alternative approach used in Ref. 20 represents the nuclear spin system as an effective nuclear magnetic field that couples to the electron spin in the quantum dot and disregards the effects of spatially varying coupling. Merkulov et al. discussed some basic features of this semiclassical approach but the calculations were done for ensemble averaged quantities. 20 In the present work we combine the approaches mentioned and extend the semiclassical effective-field method 12 to include the effects of the spatially varying hyperfine coupling constant. Due to the big difference of time scales for the electron and nuclear spin systems we are able to solve the problem in two steps. In the first step we establish that the nuclear system can be treated as an adiabatic effective nuclear magnetic field acting on the electron. The latter step involves the back action of the electron spin which will determine the evolution of the nuclear spins. The fact that the single electron spin is coupled to a large number of nuclei in the quantum dot, N, but each nucleus is only coupled to the single electron spin suggests an asymmetry in the behavior of the electron and nuclear spins. Also, the large number of nuclei involved makes it possible to treat the nuclear system in a semiclassical way. 12, 20, 24 The electron precesses in an effective nuclear magnetic field which is due to the whole nuclear spin system. For a typical hyperfine coupling constant A the precession frequency is of the order of A / ͱ N, typical fluctuation of this effective field. As to a nucleus, it precesses with a frequency A / N, which is ϰ ͱ N time smaller.
Thus the dynamics of the electron are much faster than the dynamics of the nuclei. The typical values for GaAs quantum dots correspond to N =10 4 ; this gives 10 8 Hz for electron and 10 6 Hz for nuclear frequency.
Although the approach developed here is valid in a wide range of external magnetic fields, we will concentrate on the low field limit where the dynamics are governed by the hyperfine interaction only. This regime is characterized by isotropy in spin space which results in richer dynamics. It is important to study the dynamics in this regime since the states of a quantum dot spin qubit are almost degenerate. For magnetic fields much larger than the effective nuclear magnetic field, the electron spin is constrained to the direction of external field. This makes the feedback from the electron spin to the nuclear system much weaker. 20 Two important features missed in our model restrict its applicability at very long time scales. Besides the hyperfine interaction with the electron spin, the nuclei interact with each other via dipoledipole interaction. This interaction is known to give rise to inhomogeneous broadening of NMR line in solids, and becomes important at frequency scale of 10 3 Hz. The nuclear spin-lattice relaxation is also not included, but this takes place at even longer time scale of 10 1 s. 29 We represent the resulting semiclassical dynamics by a set of equations of motion for subsystems of nuclear spins. Each subsystem is characterized by the same value of coupling to the electron spin. The dynamical equations are nonlinear and comprise many degrees of freedom. From this, one generally expects chaotic and ergodic dynamics, so that the memory about initial conditions is lost at a certain time scale, which should be of the order of a typical nuclear precession frequency. This would result in the decay of correlation functions at this time scale and was an initial motivation of this research. However, we prove that the actual dynamics is not chaotic. The calculated correlation functions show complex, yet regular, oscillations that persist for long time scale without discernible decay. We explain this by conjecturing that the system has many integrals of motion so it is close to exactly integrable one.
If we average the dynamics over all possible initial conditions, the averaged correlation function does show decay in time. For large times, it is inversely proportional to logarithm of time.
The remaining text of the paper is organized as follows. In Sec. II the hyperfine interaction in a quantum dot is presented and its semiclassical representation discussed. The adiabatic approximation for the electron spin dynamics is discussed in Sec. III and some analytic properties of the dynamical equations are presented in Sec. IV. The correlation functions used to characterize the dynamics are introduced in Sec. V and finally the results of the numerical calculations are discussed in Sec. VI.
II. HYPERFINE INTERACTION IN QUANTUM DOTS AND ITS SEMICLASSICAL REPRESENTATION
The Hamiltonian describing the hyperfine coupling between conduction band electrons and the lattice nuclei in GaAs is of the well known form of the contact potential
where A is the hyperfine constant, Ŝ ͑Î k ͒ and r ͑R k ͒ are, respectively, the spin and position of the electron (kth nuclei). In the GaAs conduction band (which is mainly composed of s orbitals), the dipole-dipole part of the hyperfine interaction vanishes. 26 In this paper the focus will be on electrons localized in a quantum dot, and the hyperfine interaction in such systems. The quantum dots considered here are quite general, but we introduce some restrictions to simplify the model. First of all it is assumed that the number of electrons is fixed, preferably to one. From the experimental point of view this assumption is quite reasonable since having only a single electron in the dot has already been demonstrated experimentally. 27, 28 The second assumption is that the orbital level splitting is much larger than the hyperfine energy. In this case the hyperfine Hamiltonian can be projected to the lowest orbital level since contributions from higher orbitals are strongly suppressed due to the large orbital energy separation. If the ground state orbital ͑r͒ of the quantum dot is known, then an effective spin Hamiltonian can be written as
where g is the g factor, B is the Bohr magneton, ␥ GaAs is the gyromagnetic ratio of the effective nuclear species and B is the external applied field. In a typical quantum dot a single electron spin may be coupled to 10 4 -10 6 nuclear spins. When the electrons interacts with so many nuclei it is possible to interpret the combined effect of the nuclei as an effective magnetic field. Before proceeding further it is convenient to introduce a different way of writing the hyperfine interaction in the last term in Eq. (2). The wave function of the ground state orbital has some characteristic spatial extent which is determined by the confining potential. Without loss of generality it may be assumed that the lateral [with respect to the underlying twodimensional electron gas (2DEG)] and transverse confining lengths are ᐉ and z 0 , respectively. Defining the volume of the quantum dot as V QD = z 0 ᐉ 2 , a dimensionless function is introduced
Furthermore, denoting the maximum value of f with f Max we introduce a dimensionless coupling constant
The hyperfine coupling constant may be expressed in terms of the concentration, C n , of nuclei with spin I and a characteristic energy E n through the relation A = E n / C n I. The energy E n is the maximum Zeeman splitting possible due to a fully polarized nuclear system, its value being E n Ϸ 0.135 meV in GaAs. 29, 30 The hyperfine interaction term can thus be written as
where we have introduced the operator for the effective nuclear magnetic field
and the characteristic hyperfine induced nuclear spin precession frequency
As was shown in Ref. 12 it is possible to replace the operator in Eq. (6) with an effective nuclear magnetic field K. Its initial value is random since it is determined by unknown details of the nuclear system. Assuming that the nuclear spin system temperature k B T ӷ ␥, all nuclear states are equally likely to be occupied. Initially the nuclei are nominally decoupled from each other and the distribution of K is to a good approximation represented by a Gaussian 12,20
where
In the above discussion the dynamics of the nuclear spin system was disregarded. Before we include its dynamics it is instructive to first derive exact operator equations of motion, and then apply the semiclassical approximation to those equations. The dynamics of the combined electron and nuclear spin systems are determined by the Heisenberg equation of motion
Multiplying Eq. (10) with g k and summing over k gives the equation of motion for K d dt
In contrast to the simple dynamics of Eq. (9), the equation of motion for K is quite complicated. The reason for the asymmetry is the position dependent coupling g k . The quantity in the brackets on the right-hand side (rhs) of Eq. (11) cannot be expressed in terms of K . Only in the simple case of constant g k it is possible to write a closed equation of motion for K and Ŝ . 21 Without actually solving Eqs. (9) and (11) it is still possible to extract general features of the dynamics. For zero external magnetic field, the electron spin will precess with frequency ϰE n N −1/2 (which is the magnitude of the effective nuclear magnetic field) and the nuclear system precesses with frequency ϰE n N −1 . Thus, for N ӷ 1, the electron spin effectively sees a stationary nuclear system and in turn the nuclear system sees a time averaged electron spin.
To incorporate ͑i͒ the separation of time scales and ͑ii͒ the inhomogeneous coupling we introduce a scheme that separates the nuclear system into N b subsystems, each being characterized by a fixed coupling g b . The effective nuclear magnetic field of a given subsystem is
where the notation k b is shorthand for all nuclei whose coupling is g k ͓g b − ␦g /2,g b + ␦g /2͔, with ␦g =1/N b being the coupling constant increment. As long as N b Ӷ N each subsystem can be replaced by a classical variable K b → K b , which represents the effective nuclear field due to that particular nuclear spin subsystem. Using the same procedure as was used in deriving Eq. (11) we arrive at an equation of motion for K b and applying the semiclassical approximation results in
where ͗S͘ is an appropriate time averaged electron spin. As will be discussed in the next section, this average electron spin may be written as a function of the total effective nuclear field
The initial condition for each nuclear spin subsystem is randomly chosen from a Gaussian distribution whose variance is (see the Appendix)
͑15͒
The set of differential equations in Eq. (13), with the associated random initial conditions, constitutes a set of autonomous differential equations. Separating the nuclear system into subsystem with a constant g b is an approximation to the continuous coupling g k . As the number of subsystems increases g b will more closely represent g k . However, for the semiclassical approximation to be valid each subsystem must contain many nuclear spins. Thus, increasing N b should better reproduce the actual system, as long as N b Ӷ N.
III. ADIABATIC APPROXIMATION FOR THE ELECTRON SPIN
As we have shown in the previous section, the nuclear spin system may be treated as a slowly varying effective nuclear magnetic field acting on the electron spin. Letting H͑t͒ represent any slowly varying magnetic field (fulfilling the usual adiabatic conditions) acting on a single electron spin, leads to the Hamiltonian
It is convenient to introduce the instantaneous eigenfunctions of the Hamiltonian, which are solutions of H e ͑t͉͒n͑t͒; ± ͘ = E ± ͑t͉͒n͑t͒; ± ͘. ͑17͒
The eigenstates are labeled by n͑t͒ to indicate that these eigenstates are either pointing "up" (ϩ) or "down" (Ϫ) along the total magnetic field, whose direction is determined by the unit vector 
ͪ. ͑19͒
The time dependent mixing of spin components is given by
The wave function may be expanded in basis of instantaneous eigenstates
where the expansion coefficients are
͑22͒
The additional phase factor appearing in the previous equation is the usual adiabatic phase 31
Integrating by parts the rhs of the last equation and using the orthogonality of the instantaneous eigenstates, it can be shown that the phase ␥ ± is a real number. Also, for a doublet ␥ ϵ ␥ + =−␥ − . Using the wave function in Eq. (21), the average electron spin is ͗Ŝ ͑t͒͘ ϵ ͗͑t͉͒Ŝ ͉͑t͒͘ = ͚ =± ͉c ͑t 0 ͉͒ 2 ͗n͑t͒;͉Ŝ ͉n͑t͒;͘
The latter term in Eq. (24) oscillates with frequency ͉H͑t͉͒ / h ӷ E n N −1 / h, so its average is zero on the time scales of the nuclear system. The average value of the electron spin entering Eq. (13) is
where 0 is the angle between the initial electron spin and n͑0͒, see Fig. 1 . The orientation between S and n͑0͒ changes the precession of all K b 's by a multiplicative factor cos 0 . This overall factor has no effect on the dynamics and we subsequently put it to unity. Physically, one might think of a dissipation mechanism that would initially align the electron spin and H to each other, although the mechanism itself is not critical for the following discussion. From the semiclassical version of Eq. (9), the slowly varying magnetic field is H͑t͒ = B + K͑t͒ which results in an equation for ͗S͘ that depends only on K and B. Also, since we assume that the quantum dot is initially in the ground state orbital and that the orbital energy separation is much larger than the hyperfine energy, there are no "Rabi oscillations" to higher orbitals.
IV. SOME ANALYTIC PROPERTIES
The rest of the paper will only consider the case of small magnetic field g B B Ӷ K, which is the regime where the dynamics are most interesting. In this regime the magnetic field becomes an "irrelevant" variable and the dynamics do not depend on B, at least to lowest order. In the opposite situation the magnetic field strongly constraints all dynamics. The average electron spin, for B =0, is
and the resulting equation of motions for the nuclear spin subsystems is
where ␥ =−␥ /2͉K͉, since ͉K͉ is a constant of motion
and it equally changes the precession frequency of all the block K b . In addition to ͉K͉, more integrals of motion can be constructed from Eq. (27)
The time dependent electron spin ͗S͑t͒͘ precesses rapidly around the total effective magnetic field, resulting in a slowly varying average spin ͗S͘ that the nuclei see. The angle between the instantaneous electron spin and n is 0 .
=
d dt I · ͚ͩ b K b g b 2 ͪ .
͑31͒
The integral of motion in Eq. (30) is actually the total spin I of the nuclear system. 20 The integrals of motion are expected to affect the dynamics, i.e., the system will be "constrained" by them.
The solution for the electron dynamics is determined by the dynamics of the nuclear system, which is encapsulated in K͑t͒. Although the dynamics are complicated there are some ways to characterize the motion of the nuclear system. For example, we can define the following quantity
which satisfies the following equation of motion:
It is possible to construct other similar equations, but in general no simple solution for them exists.
V. CORRELATION FUNCTIONS
A wide class of classical systems exhibits decaying correlation functions. This occurs in classically chaotic systems in which the motion is such that the memory about initial conditions is lost at some typical time scale. 32 Most of the sufficiently complicated classical systems are eventually chaotic. One might expect that the set of equations in Eq. (13) should describe chaotic dynamics and decay of correlation functions. We will see later on that this is not the case.
A useful way to characterize the electron spin dynamics is to introduce certain correlation functions. For an isolated quantum system these correlation functions are expected to oscillate periodically, without any decay. Incorporating environmental effects usually shows up in modified behavior of the correlation functions. The expected behavior is that they should decay as a function of time. To investigate how the nuclear spin system acts as a spin bath (environment), we introduce the following correlation function:
where the time evolution of the operators is in the usual Heisenberg picture. Since we are focusing on the slow dynamics it is useful to write these correlation functions for long time scales. In the adiabatic approximation the correlation functions may be written as
where the a's are defined in Eq. (20) . The most interesting regime corresponds to weak external magnetic fields. In this case there is no preferred direction and the dynamics show the richest behavior. In that limit the correlation functions take the simplified form
From these equations it is evident that the electron spin correlation function is determined by the nuclear system variables for times t ӷប ͱ N / E n .
When dealing with many identical systems in which the electron can be prepared in a given initial state but the effective nuclear magnetic fields differ in the initial values, ensemble averaged correlation function must be considered. No information is available about the state of the effective nuclear magnetic fields, except that their initial values are Gaussian distributed. In this case the correlation function in Eq. 
VI. RESULTS
The correlation functions in Eqs. (36) and (37) are in general not exactly solvable so numerical simulations have to be used. In order to calculate them time series for K b ͑t͒ need to be calculated. These are obtained by numerically integrating the differential equations in Eq. (27) . We focus on the case of no external magnetic field. In GaAs ␥ might be related to the total spin ͉I͉ 2 ϰ ln t sat (see the Appendix). The correlation function is normalized and its value might be dominated by 1 / ͉I͉ 2 for t Ͼ t sat . The correlation functions for a single system, i.e., without taking the ensemble average, yield quite different results. The calculations are performed for N b =8,32,128 and 256. For each number of subsystems N b the calculations were repeated for various random initial conditions, but no averaging is performed. The results of the calculations for G͑t͒ are presented in Figs. 3-6 (note different range on the horizontal, or t axis). The common feature of all the curves, for all values of N b , is that they do not decay with time. This behavior persists to even longer times, not shown here. Even though more complicated behavior is observed for large N b , the characteristic frequencies of the correlation function oscillations do not show any obvious dependence on the number of subsystems.
It is instructive to look at the power spectrum of G͑t͒, where the oscillating behavior of the correlation functions becomes more apparent. The power spectrum (or the squared Fast Fourier transform) of G͑t͒ is shown for the 1st and 6th curves (counted from the bottom one) for N b =32 (see Fig.  4 ), in Figs. 7 and 8, respectively. The sharp, isolated peaks in the spectra illustrate well the multi-periodic oscillations observed in G͑t͒. This behavior is still present in the power spectra for N b = 256. Figures 9-11 , corresponding to, respectively, the 2nd, 4th and 6th curves in Fig. 6 , show that even for such a complicated system (256 coupled, nonlinear differential equations) the correlation functions still show sharp, isolated peaks corresponding to well defined oscillation periods and additional many smaller, closely spaced peaks.
The power spectrum is the Fourier spectrum of the time averaged correlation functions, which are completely different from the power spectra expected for the ensemble averaged correlation functions shown in Fig. 2 . This implies that the time average and the ensemble average are not equivalent, i.e., the system in question is not ergodic. The simplest way to think about this is to consider the integrals of motion for the system. In the case of the time averaging the motion of the system is at all times constrained by the integrals of motion, resulting in multi-periodic correlation functions that show no decay in time. 33 For the ensemble case, the averaged correlation function gets contributions from many "systems" which have different values of the integrals of motion that results in an effective cancellation of periodic oscilla- tions, leading to a decay of the correlation functions.
The behavior of the correlation functions for the single system may be broadly explained in this way: The oscillations of the correlation function reflect that the system is in some sense close to being exactly solvable. These features will probably vanish if further terms are included into the Hamiltonian in Eq. (2). The most natural term would be the dipole-dipole interaction between the nuclei which would kill most of the integrals of motion. It is important to recognize that the time scale related to the dipole-dipole interaction is very long, of the order 10 −3 s, and the resulting decay time would reflect that. However, the time scales we are interested in are much smaller and thus the dipole-dipole interaction may be neglected.
In connection to coherently controlling the spin, the motion of the electron spin in the effective nuclear magnetic field will cause "errors." Even though in this model nuclear spins do not decohere the electron spin (in the sense of not causing decay of correlation functions as a function of time), they lead to a complicated, and unpredictable, evolution. Consequently, an electron spin initially in ͉ ↑ ͘ can be found in the opposite spin state on a time scale ϰ␥ −1 . Thus, even though the hyperfine coupling to the nuclear system does not lead to decoherence in this model it can strongly affect the dynamics of the electron spin.
